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SUMMARY 
A computer program was developed to take a NASTRAN output file from a normal 
modes analysis and calculate the modal strain energies of selected elements. The FOR- 
TRAN program can determine the modal strain energies for CROD, CBAR, CELAS, 
CTRMEM, CQDMEM2, and CSHEAR elements. Modal strain energies are useful in 
estimating damping in structures. 
IN TROD U CTIO N 
This work was initiated to predict damping in a large passively damped truss structure. 
The twelve meter truss structure is currently undergoing modal testing in preparation for 
controls experiments. An estimate of the total damping in the structure is needed for the 
controls experiments. 
The starting point for the computer program was the ANALYZE program (ref. 1). 
First, the information needed for the strain energies was extracted from a NASTRAN 
output file (ref. 2). Element information is extracted from the echo of the bulk data 
and eigenvector information is extracted from the eigenvector tables for each mode. The 
element stiffness matrices are formed and then multiplied by the appropriate element 
eigenvector and its transpose and divided by two. The result is the element strain energies 
for a given mode. With this information, the modal strain energy method can be used 
to predict the damping in a viscoelastically damped structure. COSMIC NASTRAN can 
output element strain energies but only for static analyses. To predict the structural 
damping, the element modal strain energies for a normal modes analysis have to be found. 
SYMBOLS 
w, = x displacements in the plane of the plate in the local coordinate system 
wy = y displacements in the plane of the plate in the local coordinate system 
a1 , bl , c1, a2, b2, c2 = six undetermined coefficients 
q, yl ,  . . . , x3, y3 = coordinates of the 3 nodes of the triangle in the local coordinate 
system 
rj = shape matrix 
0 = stress vector 




G = shear modulus 
E = modulus of elasticity 
= element stiffness matrix 
f = element eigenvector for the rth mode 
ELEMENT FORMULATION 
As mentioned previously, the formulation of the elements comes from the ANALYZE 
program. The element stiffness matrices are exactly the same as the COSMIC NAS- 
TRAN formulation for the CELAS, CBAR, and CROD elements. The formulation for the 
CTRMEM and CQDMEM2 elements is slightly different than COSMIC NASTRAN. The 
CSHEAR formulation is very different from the COSMIC NASTRAN formulation. The 
basis for the derivation of the shear panel is empirical but accurately constructed finite el- 
ement models produce satisfactory results. The modal strain energy program will produce 
good results if the shear panel planform is as close to rectangular as possible. The less skew- 
ing of the element, the better the results will be. 
The triangular membrane element used in this program is a constant strain plate 
element. The quadrilateral membrane and shear elements are constructed of four (non- 
overlapping) of the constant strain triangular membrane elements mentioned above. The 
elements are assumed to be flat plates which means the warping in the elements is ignored. 
The elements have a fictitious interior node which is later removed by static condensation. 
Only shear energy is considered in the stiffness of the shear element where the quadrilateral 
membrane element considers all the energy in the element. 
Since the triangular membrane element is the basis for all the other plate elements in 
this program, the derivation will be given along with how these triangle elements are used 
to formulate the quadrilateral and shear elements. The linear displacement field in the 
triangular element can be represented by 
wy = a25 + b2y + e2 
or in matrix form 
The six unknown coefficients can be uniquely determined by the six boundary conditions 
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at the nodes. 
(4) 
0 0 0 1 X 2 Y 2  
\ o  0 0 I x3 93 
The inversion of the partitioned diagonal matrix involves simply the inversion of the 
component matrix. The shape matrix q I is given by 
where the matrix g is given by 
) a:= ( O O O x y l  x y l 0 0 0  
The coordinate matrix X is given by 
From linear strain-displacement relations, the strains can be written as 
LIW 
d X  
awz + 2=, bl + a2 czy = 
From the principle of virtual work, the elements of the member stiffness matrix can be 
where and & j )  are the stress and strain matrices corresponding to the unit dis- 
placement modes explained in equation 8. Since the linear displacement relation implies 
constant strain, the integral in equation 12 can be replaced by the volume of the element: 
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where 1x1 is the determinant of the nodal coordinate matrix which represents twice the 
area of the element and t is the thickness of the element. Finally, the stiffness matrix of 
the triangular membrane element is given by 
Equation 14 gives the formulation for the stiffness matrix of the triangular membrane ele- 
ments. What follows, is how four of these triangular elements are used to construct quadri- 
lateral membrane and shear elements. 
The stiffness matrix of the quadrilateral membrane element is determined by breaking 
it into four component triangles. The fictitious node in the quadrilateral is located by 
averaging the coordinates of the four nodes as follows 
51 + 52 + 53 + x4 
4 x5 = 
91 + Y2 + Y3 + Y4 
4 Y5 = 
The stiffness of the four triangles can then be computed by equation 14. Addition of 
the four stiffness matrices gives a 10 x 10 stiffness matrix with two degrees of freedom 
included for the fifth node. The force displacement relations of the five node quadrilateral 
are written as 
R Q  = kQ rQ (17) 
where the subscript refers to the quadrilateral element with five nodes. Equation 17, 
partitioned to isolate the degrees of freedom of the fifth node can be written as 
Equation 18 can be written as two separate equations 
R, = k 1 J  T I  + k I J 1  r11 (19) 
R I I  = k 1 I J  5 + kI1,II r11 (20) 
Since the fifth node doesn't actually exist in the original model, no external forces can be 
applied to this node. This condition gives 
Substitution of equation 21 in equation 19 gives 
R, = (&I, ,  - k I J 1  &,:I le11,I)  r ,  
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From equation 22 the stiffness matrix of the original quadrilateral membrane element can 
be written as 
IC = IC11 - ICIJI I C , ' , ,  ICIIJ (23) 
The shear element is also composed of four triangular elements however, the stiffness 
matrices of the component triangles are determined by considering only the shear strain 
energy (equation 13). 
(24) 1 (4 ( j )  2 -  k;j = - (XI t f zy  Gczy 
MODAL STRAIN ENERGY PROGRAM 
The program starts by reading in all the information it needs from a NASTRAN output 
file for a normal modes analysis. As the program is set up, it can handle 1,000 of any one 
type of element for a total of 6,000 elements. A total of 100 materials can be specified but 
only isotropic materials specified on MAT1 cards are currently accounted for. The model 
can have 100 properties for any one element type for a total of 600 property cards. These 
limits can easily be expanded by changing the dimensions of the arrays in the code. The 
CELAS elements (CELAS1 or CELAS2) must be grounded (fixed) at one end with the 
other end connected to the structure. There are two ways to do this, one is to leave the sec- 
ond grid point of the CELAS card and its component blank or the second way is to specify 
a second grid point and component and then fix the second grid point component with an 
SPC card. 
The next step in determining the modal strain energies is to calculate the element 
stiffness matrices. Using the equations derived above and equations for the CELAS, CBAR, 
and CROD elements, the stiffness matrices are generated. After this the eigenvector for 
the current element is extracted from the eigenvector table for a given mode. Then the 
following equation is used to determine the element modal strain energies for the given 
mode 
Element Modal Strain Energy = -qStkqY 
The equation is used for each element for every mode printed in the NASTRAN normal 
modes analysis. 
After the element strain energies are calculated, they are printed in an easy to read 
format. The modal strain energy program prints out the following quantities for each mode: 
element ID number (EID), element type (CBAR, CELAS, CROD, CTRMEM, CSHEAR, 
or CQDMEM2), element strain energy (in consistent units), percent element strain energy 
of the entire structure, sum of the total element strain energy for each element type, and 
the total element strain energy for the entire structure. The program also prints one- 
half the generalized stiffness from the NASTRAN output file as a check. One-half the 
generalized stiffness should equal the total strain energy for the entire structure. 
(25 )  
1 
2 -  - 
APPLICATIONS 
Viscoelastic materials are seeing widespread use to suppress vibrations in all types of 
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structures. The ability of viscoelastic materials to passively damp vibrations in lightweight 
structures is well documented. Modal strain energies are useful in estimating the damping 
in this type of structure. The approach used to predict the modal damping (loss) factors 
for each mode of the structure is called the modal strain energy method. It states that 
the ratio of structural loss factor to viscoelastic material loss factor for a given mode of 
vibration can be estimated as the ratio of elastic strain energy in the viscoelastic to total 
elastic strain energy in the entire structure when it deforms into the particular undamped 
mode shape (ref. 3) .  Mathematically this can be stated as 
where 
71 = loss factor for the r’th mode of the composite structure 
vu = material loss factor for the viscoelastic material 
V,’ = elastic strain energy stored in the viscoelastic material when the structure 
deforms in its r’th undamped mode shape 
V,’ = elastic strain energy of the entire composite structure in the r’th mode shape 
Computing the undamped mode shapes of the composite structure with the viscoelastic 
material treated as if it were purely elastic with a real stiffness modulus, the right hand 
side of equation 26 is calculated as 
where 
tr = r’th mode shape vector 
ti = subvector formed by deleting from r j  all entries not corresponding to motion of - 
nodes of the 8 t h  viscoelastic element 
= element stiffness matrix of the B’th viscoelastic element 
K = stiffness matrix of the entire composite structure 
n = number of viscoelastic elements in the model 
Combining equations 26 and 27 you get (ref. 4) 
This equation states that if you create a NASTRAN 
all elements included except damper elements, and 
model of the damped structure with 
then run a normal modes analysis, 
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you have all the information needed to get the structural loss factor. After you make the 
NASTRAN run, you run the output t,hrough the element modal strain energy program 
which gives you the percentages of element strain energy to total strain energy for the entire 
structure. The percentages for the elements that actually possess viscoelastic damping are 
multiplied by that particular elements material loss factor. These quantities are then 
summed to give the loss factor for the entire structure. 
EXAMPLE PROBLEMS 
Three example problems were used to demonstrate the ability of the element strain 
energy program to accurately output the element modal strain energies. The first problem 
is a rectangular wing box and it is shown broken up into its numbered elements in figure 1. 
The rectangular wing box consists of quadrilateral membrane elements for the inboard top 
and bottom skins, triangular membrane elements for the outboard top and bottom skins, 
bar elements for the outboard posts, rod elements for all other posts, shear elements for all 
the ribs and spars, elastic elements provide the inboard top skin attachment points with 
the inboard bottom skin points rigidly fixed. The strain energy outputs for the second 
mode of this model are given in table I. This model contains all the element types the 
strain energy program is capable of handling. Comparing the total structural strain energy 
with the value'for one-half the generalized stiffness shows that the two are in agreement. 
The second example is known as the intermediate complexity wing and is just a sim- 
plified NASTRAN model of the load carrying portion of a wing. Shown in figure 2 
broken into its component elements and their numbering scheme, is a depiction of the 
wing. The model consists of quadrilateral membrane elements for most of the top and 
bottom skins, two triangular membrane elements for the outboard corner elements on 
the top and bottom skins, rod elements for all the posts, and shear elements for all 
the ribs and spars. The inboard top and bottom skin points rigidly fixed. The strain 
energy program output for the first mode of the model is given in table 11. As you 
can see, the program accurately produces zero strain energy in all the rod elements for 
the first bending mode of the wing. The difference in the values for the total struc- 
tural strain energy and one-half the generalized stiffness can be attributed to the dif- 
ferent formulations of the stiffness matrices of the plate membrane and shear elements. 
The final example is a part of the Large Space Structures Technology Program at the 
Flight Dynamics Laboratory. A NASTRAN model of the twelve meter truss structure is 
shown in figure 3. The elements aren't numbered because of the large number of elements 
in the model. The model consists of bar elements for the horizontal and vertical elements 
and rod elements for all the diagonals. The diagonal members contain the viscoelastic 
dampers on the actual structure. The model is supported at the base with a series of 
elastic elements. The strain energy output for the second mode is given in table 111. This 
is the first torsion mode of the truss, so most of the strain energy is in the diagonal 
members. This is verified by the modal strain energy program. The loss factor for the 
entire structure has been predicted and is awaiting test results for verification. 
CONCLUDING REMARKS 
A FORTRAN program that calculates element strain energies has been developed and 
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verified. This program gives COSMIC NASTRAN a capability that was only previously 
available for static analysis. Work is currently underway to develop DMAP instructions 
to calculate modal strain energies directly in KASTRA?;. With the ever increasing trend 
toward lighter structures, damping materials will see increased use in all types of structures. 
A simple, accurate method, such as the modal strain energy method, to predict structural 
damping is essential. 
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STRAIN ENERGY IN CELAS ELEMENTS = 176.5 
STRAIN ENERGY IN CBAR ELEMENTS = 6.446 
STRAIN ENERGY IN CROD ELEMENTS = 1.484 
STRAIN ENERGY IN CTRMEM ELEMENTS = 972.1 
STRAIN ENERGY IN CQDMEM ELEMENTS = 774.9 
STRAIN ENERGY IN CSHEAR ELEMENTS = 362.3 
TOTAL STRAIN ENERGY = 2294. 
GENERALIZED STIFFNESS/2 = 2294. 
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STRAIN ENERGY IN CROD ELEMENTS = 0.0000E+OO 
STRAIN ENERGY IN CTRMEM ELEMENTS 0.56333-01 
STRAIN ENERGY IN CQDMEM ELEMENTS = 600.4 
STRAIN ENERGY IN CSHEAR ELEMENTS = 17.97 
TOTAL STRAIN ENERGY = 618.5 

























































































































































































0.453 1 3-01 
0.71873-02 






























































































































































































































































































































































































































0.94 223-0 1 
0.57653-01 
0.86043-0 1









































































































































































































0.378 1 3-02 
0.88503-03 
0.757 1 E-01 





















































































































































STRAIN ENERGY IN CELAS ELEMENTS = 9.662 
STRAIN ENERGY IN CBAR ELEMENTS = 19.30 
TOTAL STRAIN ENERGY = 28.96 






























Figure 2 - Intermediate Complexity Wing Elements 
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Figure 3 - Twelve Meter Truss Model 
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